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Fig. 3 Shock motion with varying ° .

density results shown in Fig. 3 show that both POD/ROM/DDs
tracked the quasi-steadyshock motion very closely (within one grid
point).In addition,both POD/ROM/DDs accuratelysolvedthe � ow-
� eld before and after the shock. Density solutions after the shock
for both POD/ROM/DDs exhibited a small error growth as gamma
was steadily decreased, which occurred because the POD/ROMs
for sections I and III were trained at ° D 1:4. Even with the small
error growth, however, the error in densitywas less than 1%. Errors
in density before the shock for both POD/ROM/DDs exhibited a
slightly larger error growth (about 2%).

Conclusions
In high-speed � ows shock movement can result in the failure of

conventional POD/ROM to arrive at a solution. In these cases the
POD/ROM will gounstableattemptingto formthe shockif theshock
location is not captured in the snapshots. A new domain decom-
position shock-capturing approach was developed to treat moving
shocks.The accuracyand order reductionof the domaindecomposi-
tion approach was demonstrated for quasi-one-dimensional nozzle
� ow. The nonshocked regions of this � ow� eld were modeled with
POD/ROM trained for ° D 1:4: The shocked region of the � ow� eld
was modeled both by POD/ROM and by the full-order computa-
tional � uid dynamics model adapted for this region. The accuracy
of both models was examined for quasi-steady shock motion as °
was varied from 1.4 to 1.37. Both cases produced accurate � ow-
� elds and shock motion. Flow� eld errors were less than 2%, and
the shock movement was tracked within one grid point of the true
shock location.

Both methods exhibited similar order reduction.The full-order
solution had 750 DOFs, the POD/ROM/DD with a full-ordershock
region had 58 DOFs, and the POD/ROM/DD with a POD/ROM for
the shock region had 55 DOFs. Sixteen modes per � uid variable
were required for POD/ROM in the shocked region, resulting in a
small-order reduction relative to the full-order shock case. Because
of the computationalexpense of generating snapshots and the large
number of modes required, there are no advantages in using
POD/ROM for the shocked region for this one-dimensional case.
In two- and three-dimensional cases, however, there will be a sig-
ni� cant order reduction gained with a POD/ROM for the regions
containing shocks.2;3 The encouraging news from this research is
that a small set of DOFs exists that can accurately handle the mov-
ing shock case. Future research should focus on ef� cient methods
of solving for these modal coef� cients.
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Introduction

L INEAR time-variantequations,such as the Mathieu–Hill equa-
tion, occur in many applications,such as dynamic buckling of

structures and wave propagation in periodic media. Periodic varia-
tion of parameters in mechanicaldevices is also common, such as in
the meshing of spur gears.1 One can come across exponentialor hy-
perbolic functions in the coef� cients of the differential equation of
motionof cableswith varyinglength.Analyticalproceduresadopted
to solve these typesof equationsinvolvecomplexmathematics,even
for a one-dimensional problem.2 Another instance of an exponen-
tial variation in system parameters is in structures with an adaptive
nature. For example, the active control of the stiffness of vehicle
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suspensions involves linear time-variant dynamics,3 wherein the
stiffness takes a form knew D kold C [1 ¡ exp.¡t=1t/]1k. Analyt-
ical techniques for single-degree-of-freedom (SDOF) time-variant
systems under free vibration can be obtained by using Bessel func-
tions (see Ref. 4). Investigationshavebeen carriedout to understand
the responseof forcedsystems5;6 when thereareslowly time-varying
parameters. Here, the approximation is made that, at a given time
instant, the system is frozen in time, and the error associated in each
such time step is minimized by formulating an approximate error
estimate. Another approach would be to use a stable time integra-
tion proceduresuch as the Wilson–µ method. However, for a rapidly
time-varying system, numerical time integration may result in er-
roneous results because the natural frequency !n is time varying,
causing the time step chosen in the integrationto be too small or too
large. The former would lead to increased computationalcosts and
the latter to an increased error.

In general, if the mass of the system is not rapidly varying with
time, SDOF systems are represented by the following equation:

Rx C [c.t/=m] Px C !2
n.t/x D [ f .t/=m] (1)

where the terms c, !n , m, and f refer to the instantaneousdamping,
natural frequency, mass, and external force, respectively. Here, we
use a scheme wherein the state transition matrix that is obtained as
an exponentialof a matrix can be applied to any linear time-variant
system. Both free and forced vibration of time-variant systems are
considered here.

Formulation as an Exact Differential Equation
Consider the governing differential equation of a homogenous

linear time-variant system written in the state-space form

f Pxg C [C.t/]fxg D 0 (2)

This can be expressed as an exact differential equation
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Here, C.t/ is a matrix of time-varyingcoef� cients.Usually, the only
instances when the matrices C.t/ and

exp

( Z t

0

[C.t/] dt

)

commute are when [C ] is diagonal or when [C] is a matrix of con-
stants or consists of certain trigonometric forms. None of these is
the case here.However, as we shall show, Eq. (3) can still be used to
describe linear differentialequationswith time-varyingparameters,
but within a certain time duration, the duration being dependent
on the rate of variation of parameters. We investigate the exactness
of the solution to the governing Eq. (2), expressed by Eq. (3), in
terms of the rate of variation of the system parameters. Using the
solution for this time duration, we can march in time to obtain the
response during the entire durationof interest.Thus, we shall arrive
at a techniquethat is applicableto any linearly time-varyingsystem.

Equation (3) requires the evaluationof an exponentialof a matrix.
When distinct eigenvalues are assumed and Sylvester’s theorem is

used, a closed-form expression for the exponential of a matrix can
be found (see Ref. 7) as
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where 24 D
p

[.c11 ¡ c22/2 C 4c12c21] and ¯ D expf[.c11 C c22/=2]
[sinh.4/=4]g

Application to the Mathieu Equation
The classical problem of the buckling of a slender beam under

periodic loads is governed by the Mathieu–Hill equation

Rx C 2 » Px C Ä2[a ¡ q cos.¸t/]x D 0 (5)

where Ä2 D .1=m/.n¼=l/2 , a D E I .n¼=l/2, and q is the amplitude
of the periodic external force with a frequency ¸ applied to the
system. Here, » is a measure of the system damping, m is the mass
of the beam, and n is the buckling mode.

Conventional methods of solving this equation make use of the
periodicity of the loading, which allows for the application of
the Floquet theory. To illustrate the simplicity and accuracy of
the present method, Eq. (5) is written in the state-space form and
the matrix [C ] in Eq. (3) is given as

C D
³

0 ¡1

Ä2[a ¡ q cos.¸t/] »

´

Let us assume » D 0:05, a D 0:9975,q D ¡1:9, Ä D 1, and ¸ D 0:25.
After performing the integration,

Z t

t0

[C.t/] dt

D
³

0 t0 ¡ t

a.t ¡ t0/ ¡ f.q=¸/[sin.¸t/] ¡ sin[.¸t0/]g ».t ¡ t0/

´

the exponential of a matrix is evaluated by means of Eq. (4), and,
if initial conditions are x.0/ D 1 and Px.0/ D 0, the solution can be
obtained from Eq. (3). Note that the parameters chosen in the ex-
ample of the Mathieu equation are very close to the unstable region
in the Strutt diagram (see Ref. 8). Because we have some damping
present, the growth in amplitude is more controlled than for an un-
damped system. To minimize the error with an increase in time, we
divide the time duration of interest into intervalsof 0.1 s and use the
responseat the end of each 0.1-s intervalas the initial conditionsfor
the next 0.1-s interval. In other words, the response of the system is
governed by the following procedure:

³
xi C 1

Pxi C 1

´
D 8.t/

³
xi

Pxi

´
(6)

where 8.t/ is the state transition matrix, calculated for each time
interval as

8.ti C 1; ti / D exp

(
¡

Z ti C 1

ti

[C .t/] dt

)

(7)

The result of this procedure is shown in Fig. 1 and is compared
with the numerical solution generated by Mathematica, which uses
an implicit Adams method. Figure 1 shows that the solution to the
Mathieu–Hill equation, as described by Eqs. (3) and (6), is valid.
It can be seen from Fig. 1 that the results obtained by the present
approachare identical to the reference results.Thus, for the time pe-
riod considered,1t D 0:1 s, the exponentialof the matrix as given in
Eq. (7) is the state transition matrix, an analytical solution of which
needsto be calculatedonly onceand then is appliedto small intervals
of time. Reference 9 recommends averaging the time-varying pa-
rameters over each subdivided time interval. Then, the differential
equation, Eq. (5), is solved for each time interval with the time-
varying parameter replaced by its average for that time interval. By
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Fig. 1 Comparison of the response of the Mathieu equation
Èx + 0:1 Çx + [0.9975 + 1.9 cos(0.25t)]x = 0 using matrix exponent time
marching without averaging the time-varying parameters with the
implicit Adams method.

Fig. 2 Comparison of the response of the Mathieu equation
Èx + 0:1 Çx + [0.9975 + 1.9 cos(0.25t)]x = 0 using matrix exponent time
marching with averaging the time-varying parameters over each time
interval with the implicit Adams method.

the use of this approach,9 Eq. (5) was solved using the same times
step as before, that is, 0.1 s. One can see from Fig. 2 that the results
are not accurate.Therefore, the time-varyingparameters should not
be averagedover the time interval. Instead,use Eq. (6) with the state
transition matrix for each time interval being given by Eq. (7).

Rapidly Time-Variant System
The method of obtaining the response of a linear time-variant

system by the use of Eq. (3) is now applied to a system with an
exponentially decreasing stiffness. Its nature of variation is similar
to the one used by Li.4 The system is governed by the equation

Rx C !2
n.t/x D 0 (8)

where the time-varyingnatural frequencyis given by !2
n.t/ D 40e¡t .

The exponential of the matrix in Eq. (3) is then represented as

¡
Z t

t0

C.t/ dt D
³

0 t ¡ t0
40e¡t ¡ 40e¡t0 0

´

where t0 is the initial time. The exact solution for this type of a
differential equation is given by a summation of Bessel functions
(see Ref. 10). By the use of Eqs. (6) and (7) with 0.1-s duration for
each time interval, the systemgovernedby Eq. (8) is solved.Figure 3
shows that the presentmethod matches the exact solutionvery well.
Figure 4 compares the result obtained using the method provided in

Fig. 3 Comparison of the response of the rapidly varying system
Èx + 40 exp[¡ ¡ t]x = 0 using matrix exponent time marching without
averaging the time-varying parameters with the exact solution.

Fig. 4 Comparison of the response of the rapidly varying system
Èx + 40 exp[¡ ¡ t] x = 0 using matrix exponent time marching with averag-
ing the time-varying parameters over each time interval with the exact
solution.

Ref. 9, wherein the time-varyingparameters are averaged over each
time intervalwith the exact solution. It can be seen that the solution
obtained using the approach of Ref. 9 gives inaccurate results. We
now compare our scheme with the widely used, Newmark–¯ and
Wilson–µ methods.Figure 5 shows the responseof the system given
by Eq. (8) as calculatedby the Newmark–¯ and Wilson–µ methods
with a time step of 0.08 s. These are compared to the exact solution.
The present method provides a continuous solution in each time
interval of 0.08 s, chosen in the present example, and matches the
exact solution. To approach the accuracy of the present method, the
time steps needed for the Newmark–¯ and Wilson–µ methods has
to be of the order of 0.002 s, whereas, as shown in Fig. 5, by the use
of the time-marching scheme with the exponential of a matrix, an
accurate result is obtained even with a time step of 0.08 s, 40 times
greater than the time step requiredby the two widely used methods.

Forced Oscillations of a Time-Variant System
The exactdifferentialequationformulation(3)will be modi� ed as

d
dt
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exp
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t0

[C.t/] dt
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fxg
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D exp

(Z t
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[C.t/]

)

Q (9)

where Q is the vector containing the forcing function and t0 is the
time instant at which the initial conditions are de� ned. The exact
solution of the problem will be

x.t/ D xh.t/ C x p.t/ (10)
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Table 1 Results for forced vibration using an 0.08-s time stepa;b

Method x.t/ forced vibration Error from exact, %

Newmark–¯ ¡73.935 ¡9.65
Wilson–µ ¡70.236 ¡14.16
Present method ¡81.886 0.072

aDisplacement of mass after 40 s.
bReference solutionD ¡81:8277.

Fig. 5 Comparison of the response of the system Èx + 40 exp[¡¡ t]x = 0
using the present method with explicit numerical schemes and the exact
solution; time step chosen is 0.08 s.

where xh.t/ and x p.t/ are, respectively, the homogeneous solution
and the particularintegral.The homogeneoussolutionis the solution
to the free-vibrationproblem, which has been examined previously
in great detail. The particular integral is given by
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We considerthe sameexampleofEq. (8), butwith a forcingfunction,

Rx C !2
n.t/x D 2 cos.0:5t/ (12)

where the time-varyingnatural frequencyis given by !2
n.t/ D 40e¡t .

To simplify the particular solution given by Eq. (11), we make the
approximations that

lim
z ! 0

cosh.z/ D 1; lim
z ! 0

sinh.z/ D z

With this done, the particular solution can be evaluated analytically
in a closed form.This approximationdoesnot causeany discrepancy
for the time interval sizes used herein. The procedure for obtaining
the response of a time-variant system under forced vibrations is
written as
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´
D 8.t/:
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´
C

³
x p i

Px pi

´
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Table 1 shows the comparisonbetween the results obtained using
Newmark–¯ and Wilson–µ methods with the present method. The
presentmethod is shown to be much more accurate.This is because
an analytical solution was � rst determined. Hence, this solution
will be extremely accurate, provided that the time step selected for
time marching is small enough such that the noncommutativity of
the matrices involved in the exact differential formulation, Eq. (9),
will not cause a discrepancy. For the present example, we have
chosen a time step of 0.08 s. The Wilson–µ and the Newmark–¯
methods were also run using a time step of 0.08 s. The value of
the parameter µ in the Wilson method was chosen as 1.4 because
this ensures unconditional stability. A measure of the error in the

Fig. 6 Response of the forced Mathieu equation Èx + 1.8 Çx + [1 ¡ ¡
0.8 cos(0.25t)]x = cos(0.5t).

responsecomputedby the presentsolutioncanbeobtainedby noting
the result of the noncommutativityof the matrices, that is,

exp
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[C.t/] dt

)
[C.t/] ¡ [C .t/] exp

( Z t
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)
D ².t/
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Therefore, even if the exact solution to the problem is unknown, an
estimate of the error is obtained as a function of time. This can be
used to estimate the time step required. Shahruz and Tan6 give an
example of the Mathieu–Hill equation:

Rx C 1:8 Px C [1 ¡ 0:8 cos.0:25t/]x D cos.0:5t/

The authors of Ref. 6 used a “time freezing” technique at particular
instants to evaluate the solution, but this approximationdid not pro-
vide satisfactoryresults.Using the techniquedescribedhere,of time
marching with an approximationto the state transitionmatrix in the
form of the exponential of a matrix [Eq. (7)], we obtain the result
shown in Fig. 6. Though there is a slight error between the present
solution and the exact solution as the response reaches the peak
amplitude, the present method does provide a very accurate � t. The
present solution is also consistent for large time because the error
with respect to the reference solution does not grow with time, as
can be seen from Fig. 6.

Conclusions
Linear time-variant systems have been analyzed analytically us-

ing Eqs. (6), (7), and (11), and their response has been obtained
in a closed form, within a time interval, in the form of the expo-
nential of a matrix. The exponential of a matrix can be evaluated
using the closed-form expression given in Eq. (4). The time dura-
tion of interest is divided into intervals in which the closed-form
solution is valid, and, by successive application of the exponential
of the matrix for many such intervals, the closed-form solution can
be applied for any time length. The time interval used in this time
marchingis muchhighercomparedto traditionalnumericalschemes
such as the Runge–Kutta, Newmark–¯, or Wilson–µ methods. The
presentmethodologyprovedfar more accurate than the Newmark–¯
or Wilson–µ methods and was shown to be consistentwith implicit
numericalmethods.This techniquecan be applied to free and forced
oscillations,and variousexampleswere successfullyanalyzed,such
as the damped Mathieu oscillator and a system with exponentially
varyingnaturalfrequency.The presentmethodologyprovidesa con-
tinuoussolutionin time becauseit is based on an analyticalsolution,
unlike numerical solutions that are evaluated at discrete time steps.
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Introduction

T HE ability to predict whether a given ballistic blunt object
will penetrate a composite material structure is valuable. If

penetration occurs the ability to predict the residual velocity of the
object is also valuable. Also of interest is the ability to predict the
ballistic limit of any projectile–composite structure combination.

Much work has been done in the � eld of analyzing the ballistic
impact of composite targets; however, most of that work has been
empirical in nature. Vinson and Zukas1 introduced the use of con-
ical shell theory as an analytical tool for determining the ballistic
propertiesof woven Kevlar® targets.Then Vinsonand Walker tested
this model on � ber-reinforcedcomposite targets.2 The link between
woven fabrics and composites was the assumption that if a matrix
material contributed an insigni� cant amount to a � ber-reinforced
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composite’s strength and strain properties then the entire structure
would behave similarly to a woven fabric.

Vinson and Walker2 utilized Lee and Sun’s data3 to test this
analytical method and also compared the results with Ref. 3. At
that time, the results seemed conclusive, but subsequent review
of Ref. 2 has revealed that, although the underlying theory was
correct, a computational error led to incorrect numerical results.
This Note offers an improved method for determining the ballis-
tic limit and revalidates the conical shell method for predicting if
penetration will occur or not and if so what the residual velocity
will be. In addition to validating the method against the data uti-
lized in Ref. 2, more experiments were analyzed using data from
other authors including Sun and Potti 4 and Silva et al.5 The � nd-
ings from these sources contribute to the validity of the model
and also lead to additional conclusions about the conical shell
method.

Analysis Methods
When a ballisticprojectileimpacts a compositeplate, as shown in

Fig. 1 in Ref. 2, a conicalshell formsandcontinuesto propagateuntil
either the projectilevelocity is reduced to zero or until the projectile
penetrates the target material. Vinson and Walker2 have shown that
the conical shell is primarily in a state of membrane stress and
that the resistance to penetration is mostly due to membrane strain
energy. At the front of the conical shell is a radius R1, which is
determined by the dimensions of the blunt projectile.

The base radius of the shell is determined from the initial ra-
dius along with the propagation of a shear wave over time and is
given as R2 D R1.t D 0/ C Cs t . In this equation, Cs is the shear
wave velocity taken to be

p
.G yz=½m/, where y is the meridional

coordinate of the shell and z is the coordinate in the shell thickness
direction. G yz is the dynamic modulus at the given strain rate oc-
curring; however, if that is not available,then the static value should
be used.

Vinson and Walker2 describe an iterative method to calculate the
conical shell parameters and relate them to the ability of a compos-
ite target to capture a blunt projectile. When the required material
propertiesand a strikingvelocityare suppliedto an iterativesolver, a
time history is created that detailsthe strain and projectilevelocityat
each time step. Test data consistingof striking velocity and residual
velocity data points can then be used to correlate striking velocity
to the ultimate strain at failure. This is accomplished by entering a
given striking velocity and � nding the time step that has a residual
velocity that matches the experimental data point. The strain in the
conical shell at that time step is determined to be the ultimate strain
for that data point. The strain-strikingvelocity points are then plot-
ted, and a linear regression is performed to determine the equation
of the line of best � t for the data. This equation, then, relates strik-
ing velocity to maximum shell strain at failure. Examples of this are
shown in Fig. 1.

The method used to determine the ballistic limit differs from that
found in Ref. 2 and is considered the valid method for applying

Fig. 1 Maximum strain to failure as a function of striking velocity for
data of Ref. 3.


